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Denoising Diffusion Probabilistic Models (DDPM)

Another type of generative models. What do they have to do with Bayes?

1. Forward diffusion process: gradually adding noise to samples
2. Reverse diffusion process: recreating the sample from noise

3. Heavily relying on conditional probability and Bayes theorem in particular
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Forward diffusion process

Let x, ~ g(x) be a real data distribution.
We produce a sequence of noisy samples Xx;, ..., X

Noise steps controlled by a variance schedule {f, € (O,l)}tT=1

T
q(x | x,_y) ~ N (x; vV 1 = px,_1, P D), q(xy.71x9) = HQ(xt‘xt—l)
=1

As I' — o0, xis equivalent to a Gaussian distribution
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Forward diffusion process

Can we sample X, at any arbitrary time step 7 ? Yes!!!

The key: good old reparametrisation trick!

Leta, =1 — p,and a, = Ha

\Fxt LtV —aE g = oo x4/l - €
NB: \/Eﬂ/l —a,g,_1+/1 —a_&_,, e, ~ N(0,I), hence
VOV —ag /1 —a_ 16~ VO -y +1—a_)
o/l —ae A/l —a_g, 5~/ —aa_ N (O]
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Forward diffusion process

Following the same argument

[
xt\ﬁtxt_l ++/1—ae_=... = \@x0+\/1 —ae, e~ N0, a = Hal-
=1

Hence q(x, | xy) ~ N (x;; \/Etxo, (1 —al))

Larger update step when the sample gets noisier: p; < p, < ... < fp,

and therefore a; > ... > ar
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Reverse diffusion process

If we reverse the above process and sample from g(x,_; | x,),
we can recreate a sample from x; ~ //(0,I)
We need to estimate g(x,_; | x,). We do it with another probability density function p,

I
pH(XO:T) — p(xT)Hpé’(xt—l ‘ xt)a pé’('xt—l ‘ xt) — A/(xt—l; /’té’(xta t)a Ze(xta t))

=1

Which is learned via a neural network (€ are the parameters of NN)!

Important: g(x,_, | x,, x,) ~ A (x,_y; fi(x,, x), fI) tractable!
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Conditioning on X,. Bayes rule to the rescue! P(A |B) =

P(AB|C)  P(B|A,C)P(A|C)

PAIBO==2810 = PBIO

P(B)P(B|A)

P(A)

X |x 10— /%)’ (X1 = /@1 %)
q(x_1 | Xp)
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Conditioning on X,. Bayes rule to the rescue! P(A |B) =

P(AB|C)  P(B|A,C)P(A|C)

P(B)P(B|A)

P(A)

P(A|B,C) = = —
P(B|C) P(B|C)
q(x;_1 | o) 1 (%= \ﬁfxf—l)z (%1 = V &t—le)z (o = \ﬁtxo)z
gx,_q|x,x) = qlx, | x,_q, xp) x exp(——( | - - )
q(x, [ xp) 2 |l —a, 1 —a,_ 1 —a,
1 «a | \ﬁt Q1
= exp(——=((— A —)x* =2 X —xg)x,_1 + C(xp, x1)))
2 p 1—-a,, ! p; 1l —a,_ t



Conditioning on X,. Bayes rule to the rescue! P(A |B) =

P(AB|C)  P(B|A,C)P(A|C)

P(B)P(B|A)

P(A)

PA|B,C) == =
P(B|C) P(B|C)
_ T O U etV B L e Vi D L A
05115 70) = 405 5150 o P -z
1 o 1 \ﬁt Qi
= exp(—=((= + ———)x? | — 2(~—x — X)Xy + C(xp, X))
) ﬁt l—at_l r—1 ﬁt 1_at_l() —1 0>
~ at 1 1 T &t—l
Hence 5, = 1/(— + ) = — P,

p, 1—a,_ 1 —a,



P(B)P(B|A)

Conditioning on X,. Bayes rule to the rescue! P(A |B) =

P(A)
PA1B.C) = = PABIC) _ PBIA CPA|C)
P(B|C) P(B|C)
_ q(x,_ | xp) L Va5-D® o = E 0 (6= /%)
q(x,_1 | x, x0) = qlx, | x,_1, xp) (x| x0) X €XP 5 [ —a | l—a,_, [—a )
1 « 1 , \ﬁz a,_;
_ L . _ 5 : |
= exp( 2((ﬁt —a_ )X ( 5 X; l—a_ Xo)X,_1 + C(xg, X7)))
1 1 - Clt 1
Hence f3, = 1/(— —) = B,
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P(B)P(B|A)

Conditioning on X,. Bayes rule to the rescue! P(A |B) =

P(A)
P(A|B.C) = = P(AB|C) _ P(B|A,C)P(A|C)
P(B|C) P(B|C)
_ q(x,_1 | Xp) ( 1 ((xf B \ﬁfxt—l)z | (X1 =/ a1 %) (= \ﬁrxo)z )
q(x,_1 | X X0) = q(x; [ x,_1, Xp) 20 [ x0) x €Xp 5 l—a | 1l —a,_, 1 —a,
1 Cl[ 1 5 \ﬁt &t—l
= —— | -2 | C(x,
= exp( 2((ﬁt —a_ )X ( 5 X; l—a_ Xo)X,_1 + C(xg, X7)))
Hence = /(% + — ) = —— 1 g
ence f, = 1/(— = ,
t ,Bt 1 —a._, 1 —a, t
i <\F Ve I, = <\F Ve L
— X —
& Py l_at—lo t Py l_atlo 1 —a, t
a(l —a,_ ) a, [
We can reparametrise it further! —> \F - X, + v 1_ txo

1 —a 1 —a
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Recap! We need to learn the distributions py(x,_ | x,) ~ N (x,_; po(x,, 1), Zp(X,, 1))

Remember! x, = /a,xy ++/1 —a,e, x5 =

(x, — /1 —a,e)

So we will train p, to predict i,

How are we going to do that? Minimise negative log-likelihood —log p,(x,)

—log py(xy) < — log py(xy) + D (q(x.7| X0) | | Pe(xy.7] Xp))



1

NG

1 | -«
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Recap! We need to learn the distributions py(x,_ | x,) ~ N (x,_{; Ug(x,, 1), Zo(X,, 1))

Remember! x, = /a,xy ++/1 —a,e, x5 =

(x, — \/ 1 —ae,)

So we will train u, to predict i,

How are we going to do that? Minimise negative log-likelihood —log p,(x,)

KuIIback-LeibIe[' divergence > (
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Substitute this into expression of ji, and get i, = (x, — £,)

Remember! x, = \/a.x, ++/1 — a,&, Xy = (x, —+/1 — a,e)
[ "0 [ 0 [ 11

Recap! We need to learn the distributions py(x,_ | x,) ~ N (x,_; po(x,, 1), Zp(X,, 1))
So we will train p, to predict /i,

How are we going to do that? Minimise negative log-likelihood —log p,(x,)

Kullback-Leibler divergence > 0

—log py(xy) < —log py(xy) + D (q(xy.71x0) | | (X171 X)) =

q(x1.71X) | = —log py(x,) + Eq[lc)g Q(x1:T|Xo)] + log py(x,)
Po(Xo.1)! Po(Xp) Po(Xo.7)

_lnge(xO) + Ew-xl:Tf\JQ(xl:Tle)I:lOg
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Substitute this into expression of ji, and get i, = (x, — —¢,)
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Recap! We need to learn the distributions py(x,_ | x,) ~ N (x,_; po(x,, 1), Zp(X,, 1))

Remember! x, = /a,xy ++/1 —a,e, x5 =

(x, — \/ 1 —ae,)

So we will train p, to predict i,

How are we going to do that? Minimise negative log-likelihood —log p,(x,)

KuIIback-LeibIe[ divergence > (

—log py(xy) < — log py(xy) + Dy (q(xy.7[ %) | | pe(xy.71 X)) =

q(x1.7| %) q(x1.7]X0) q(x1.71 X)
—logpy(xpg) + E,. (v 1108 | = —log py(x,) + E [log | +log p(xy) = E [log ]
. L7 q(rio) Po(Xo-7)/ Po(Xp) 70 ! Po(Xo.7) 7 ! Po(Xo.7)
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Po(Xo.7)

Let Lyrp = Egx, 108 |2 = B4 PolXo)

We used that £, \E . 1\ f(Xo.7) = Eg 1J(Xp.7) for any f of our interest

Q(Xl T ‘ xO)
Ly;g=E_,. ,\llog ]
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Q(XI:T‘XO)
Let Ly, p = (xo T)[lo | = - Eq(xO)Pe(Xo)
Q(XO:T )

We used that £, \E (. 1.\ J(Xo.7) = E (1 J(Xo.7) for any f of our interest

q(xlzT‘xO) HtT=1Q(xt‘xt—1)
Ly p = Eq¢, pll0g | = E,[log T
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P H(XO: T)

Let Ly, 5 = q(xO:T)[log | > — Eq(xO)pg(xO)

We used that £, \E . 1\ f(Xo.7) = Eg 1J(Xp.7) for any f of our interest

T
Q(xl;T‘x()) Ht=1Q(xt|xt—l)

Q(xt‘xt—l)
= FE |[]
Po(Xo.1) 1= Rgllog

T
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Po(Xo.7)

Let Ly g = Ey(x, pl108 |2 = B4y PolXo0)

We used that £, \E (. 1.\ J(Xo.7) = E (1 (Xo.7) for any f of our interest

T
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q(xy.71x0) Ht=1Q(xt|xt—1)

Ly, g = E, »llog = E [log
vEE T T Po(Xo.7) !

T
Q(xt‘xt—l)

] =E [—logpy(x;) + ) lo ]

pH(XT)Hthlpe(xt—l | x;) ’ e tzzl ° Po(X—11X;)
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o ; Po(X,—1 | X,) qoetxo) Po(Xo | x1)
a(xrl X)) ~ a0 1 X, X)
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Simplifying the loss further
Ly = Dg;(q(xr|xp) | | Po(x7)) Constant, since no trainable parameters and x; is Gaussian noise
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Simplifying the loss further
Ly = Dg;(q(xr|xp) | | Po(x7)) Constant, since no trainable parameters and x; is Gaussian noise

L, = Dg;(q(x,_1 | X X)) | [ Pg(X—1 [ X)) The main thing!

Ly = —logpy(xylx;) Can be omitted or modelled via a separate decoder, derived from

N (xo; (X1, 1), Zg(xy,1))

Remember again! We need to learn the distributions py(x,_; | x,) ~ A (x,_1; uo(X,, 1), Zo(X,, 1))

That is for L, !
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Parametrisation of L, for Training Loss

p@(xt—l ‘ xt) ~ ‘/V(xt—l; //te(xta t)a Zﬁ(xp t))

We would like to train p, to predict ji, = (x, — £,)

But x, is available during training time!

Hence, let us predict the noise term instead!

Uo(X,, 1) = (x, — —— Ex(X,, 1)) X1~ N(x_q; (x, — — Ex(X,5 1)), Zo(X,, 1))



Parametrisation of L, for Training Loss

1 2
Lt — Ex ,8[ ‘ ‘/Zt(xp x()) o /’tﬁ(xt’ t) ‘ ‘ ]
2012 D1



Parametrisation of L, for Training Loss

1 2
Lt — Ex ,8[ ‘ ‘/Zt(xp x()) o /’tﬁ(xt’ t) ‘ ‘ ]
2012 D1

_ | 1 1l —a, |

- | —(, -
ISl V& - JI-a /4




Parametrisation of L, for Training Loss

|
Lt — Ex ,8[ ‘ ‘/Zt(xp x()) T ﬂ@(’xp t) ‘ ‘2]
2012 D1
1 1 |l —«a 1 |l —«a

=E, | [ — 0 —e) - — (& — g%, ) ||

T25l, Vel JT-a o Al \/T-g,

(1 -a,)

— Ex(),g[ t ‘ ‘gt R ge(xt’ t)‘ ‘2]

2a(1 —a)||1Zy] 15



Parametrisation of L, for Training Loss

1
L=E_l [ Xo) — pg( 1) | |7
2012 D1
E e m—— %y m L o Y )| )
= Ly ¢ Ay — & Ay —Eg\ Xy
T25 Ve JT-a o a o \/T-g,
(1 —a)? (1 —a,) _ _
= E,,| 5 e =g DI =E | e @+ T= e 01 1]

2a(1 —a)||1Zy] 15 2a(1 — @) || Zg] 15



Parametrisation of L, for Training Loss

1
L=E,_l || f,(x,, xg) — po(x, ) | ]
2012 D1
o) PR Py M ek S G SV Sk, SO TLS
= Ly ¢ X¢ — & X¢ —Eg\ Xy
T25 Ve JT-a o a o \/T-g,
(1 —a)? (1 —a,) _ _
= E,,| 5 e =g DI =E | e @+ T= e 01 1]

2a(1 —a)||1Zy] 15 2a(1 — @) || Zg] 15

In practice can simplify even further!



Parametrisation of L, for Training Loss

1
L=E,_l || f,(x,, xg) — po(x, ) | ]
2012 D1
o) PR Py M ek S G SV Sk, SO TLS
= Ly ¢ X¢ — & X¢ —Eg\ Xy
T25 Ve JT-a o a o \/T-g,
(1 —a)? (1 —a,) _ _
= E,,| 5 e =g DI =E | e @+ T= e 01 1]

2a(1 —a)||1Zy] 15 2a(1 — @) || Zg] 15

In practice can simplify even further!

] — = 2
L' =E,, [|le—ely/axo++/1—ae, 0]



Parametrisation of L, for Training Loss

1
L=E,_l || f,(x,, xg) — po(x, ) | ]
2012 D1
o) PR Py M ek S G SV Sk, SO TLS
= Ly ¢ X¢ — & X¢ —Eg\ Xy
T25 Ve JT-a o a o \/T-g,
(1 —a)? (1 —a,) _ _
= E,,| 5 e =g DI =E | e @+ T= e 01 1]

2a(1 —a)||1Zy] 15 2a(1 — @) || Zg] 15

In practice can simplify even further!

] — = 2
L' =E,, [|le—ely/axo++/1—ae, 0]

Bottom line: what we are doing is predicting the noise!



Parametrisation of L, for Training Loss
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Bottom line: what we are doing is predicting the noise! Unet architecture is used for that
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Parametrization of f,

Typically a sequence of linearly increasing constants: e.g. from 8, = 10~ to #; = 0.02

Can be fixed (not learnable)

Parametrization of reverse process variance 2.,
Can also be fixed X,(x,, 1) = 671, where o, is set to be a function of /3,
- 1—-a,_,

Alternative 2,(x,, 1) = exp(vlog f, + (1 — v)log ﬁt), P, = T v is learnable

Hence, the loss L = L, + ALy g, 4 is small ~ 0.001 and Ly, 5 only guides the training of 2,

(In Ly,; p stop gradient with respect to 1)
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Bonus! Score networks and guided diffusion

The score of each sample’s x probability density function is defined as V,log g(x)

Langevin dynamics can sample data points from a probability density distribution using only the
score V_log g(x) in an iterative process.

Score network sy(x,, ) = V,log g(x)

2 1 ) X
If x ~ ./’/(,l/t, 0] I), Vxl()gp(x) — Vx(_2_62(x — /’t) ) — _

G061 %) ~ N (/F %0, (1 — @)D



Bonus! Score networks and guided diffusion

The score of each sample’s x probability density function is defined as V,log g(x)

Langevin dynamics can sample data points from a probability density distribution using only the
score V_log g(x) in an iterative process.

Score network sy(x,, ) = V,log g(x)

] —
fx ~ N, 0D, Vlogp) =V (——=x—w?) =———=—= &~ #(0O])
207 o c
40 x0) ~ N (/T30 (1 = @)D
Eo(X,, 1) Eo(x,, 1)
And therefore sy(x,, 1) = V,logq(x) = E . ) V. q(x|xp) = E(,. )| - | =—

V1-a V1-a



Guided diffusion

- We have additional input y (a class label in classifier guided diffusion)

- We want to model a conditional distribution p(x | y) instead

Conditioned on dogs
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Classifier guided diffusion

We separately train a classifier f¢(y | x,, ) on a noisy image x,, and use gradients V,log f¢(y | x,)

to guide the diffusion. Let us have a joint distribution g(x,, y), y is e.g. the image label

V,logqg(x,|y) = V,logg(x) + V,logg(y|x) — V,logg(y) = — eg(x, 1) + V, log f,(y | x)

1
V1 -2

1 —
= —(€g(x,, 1) — \/1 —a,V,logf,(y[x))

V1-—a

Classifier guided predictor €y(x,, ) = €4(x,, 1) —+/1 — a,w thlog f¢(y | x,)

Where w is the strength of the guidance



Classifier guided diffusion

Algorithm 1 Classifier guided diffusion sampling, given a diffusion model (ug(z;), Xg(x¢)), classi-
fier f,(y|z:), and gradient scale s.

Input: class label y, gradient scale s
zp < sample from N(0,I)
forall { from 7 to 1 do
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z;—1 + sample from NV (u + s¥ V,, log fs (y|z¢), X)
end for
return z
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Classifier guided diffusion

Algorithm 1 Classifier guided diffusion sampling, given a diffusion model (ug(z;), Xg(x¢)), classi-
fier f,(y|z¢), and gradient scale s.

Input: class label y, gradient scale s
zr < sample from N (0, I)
for all £ from 7" to 1 do
py 3 < po(xe), Xg(z¢)
ri—1 < sample from N (u + s¥X V,, log f4 (y|xt), 2)
end for
return z

Downsides:

- The classifier has to cope with noise, might need to be trained separately

- If noise-robust might be inefficient: most of the information on Xx is irrelevant to y
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Classifier free guidance

- Train a diffusion model p(x | y) with conditioning dropout: conditional information is
removed some percentage of the time

- Resulting model can be conditional p(x | y) and unconditional p(x)

- No need for a separate classifier!
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Classifier free guidance

Guide the diffusion without an independent classifier f,

- Unconditional denoising diffusion model p,(x), parametrised through a score estimator &(x,, ¢)

- Conditional model py(x, | y) parametrised through &,(x,, 7, y)

- Conditional model is trained on paired data (x, y)

- Conditional information y gets discarded periodically: €5(x,, t) = €4(x,, 1,y = &)

1
V,logp(y|x) = V,logp(x,|y) — V,logp(x,) = — —(e9(X,, 1,y) — €9(X;, 1))

V1-—a

Now V, log p(x,,y) = V, logp(x,) + V,logp(y|x) =V, log p(x,|y) + V;&@g/y + V.. p(y[x)
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Classifier free guidance

V. logp(x,y) =V, logp(x,|y) + V, logp(y|x,)

|
thlogp(y ‘xt) — = — (8(9()619 ta }7) T 8(9(xt9 t))

V1 -2

Hence, analogously to the case of classifier guided diffusion

EgXp1,y) = EY(X;n 1, Y) — \/ I —aw thlogp(y | x,) , where e/(x,, t,y) parametrises p(x,|y)

— gﬁ(xp t? )’) T W(gﬁ(xta t? Y) o gﬁ(xta t))



